Solids of Revolution

Solids of revolution are created by taking an area and revolving it around an axis of rotation.
There are two methods to determine the volume of the solid of revolution: the disk method and
the shell method.

Disk method: In the disk method, small rectangles that are perpendicular to the axis of rotation
are rotated around, building up a series of disks that stack on each other in sequence. The width
of a rectangle is expressed as either dx or dy. If the area abuts the axis of rotation, then the
height (or length) of a rectangle (R for “radius”) is the distance from the axis of rotation to the
boundary curve, which will be the function value R(x) or R(y). If rotating around the x-axis, R is
a function of x; if rotating around the y-axis, R is a function of y.

d
R(x) d;; 1
a 4 b 02 Zm
V= ni[R(x)]z dx V= ni[R(y)]z dy

1) Find the volume of the solid formed by rotating the region bounded by x> + y* =4, y = 0, and
x = 0 around the x-axis.

2+ yz -4
R(x) V= RI[R(X)]Z dx
0 dx 2 ﬁﬂ\
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Find the volume of the solid formed by rotating the region bounded by x* + y* =4, y =0, and
x = 0 around the y-axis.

X +y* =4
2 d
2
0 ..f.u‘!.l.reii..'...
D
< R(y)

R(y)=x but it mustbeinterms of y: x*+y*=4 — x =./4—y> = R(y)

2

V = n'[(\/m)zdy _ lon

0 3

(Note that the volume can be verified by using the volume formula for a sphere: V = 4m r'/3.)

2) Find the volume of the solid formed by rotating the region bounded by y = x>, y = 0,
x =0, and x = 2 around the x-axis.

8 - y=x
P 2
V=n|[R(x)| dx
R(x) “ ]
L7\,
0 2 IRV
Rx) =y = x’
2 2 2 X’ ’ 1287
V = nI(x3) dx = n.fx(’dx = g|— =
0 0 7 0 7
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Find the volume of the solid formed by rotating the region bounded by y = x>, y = 0, x = 0, and

x = 2 around the y-axis.

825
wa
0 2
-

L(y) = length of rectangle

What happens if we rotate this area around the y-axis? We still need to use the length of the
rectangle because that’s what is forming the solid, but now it’s no longer just the distance to the
axis of rotation because there’s a gap — the region is not right up against the axis of rotation. So
we switch to a modified disk method, called the washer method (disk + hole). In the washer
method, we use the distance from the axis of rotation to the “outer” curve and the distance from

the axis to the “inner” curve.

Al

Washer: V=n j [R] - [r(y)] dy

C

R(y) is constant for this area — it’s just 2.
r(y) = x, but it must be in terms of y — x =y'?* =1(y)
Don’t forget to use the limits of integration for y, not x!
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3) Let’s look at the area formed by the intersections of the curves y = Jx and y=x

If we rotate this area around the x-axis, then the

“upper’ curve (farthest from the axis) is y = Jx and

L. 3
the ‘lower’ curve (nearest the axis) isy = x".

yzyx

i

R(x) =+/x and r(x) =x.

1
0 2 2 1 x> x/ St
— .3 — L6 _ A A - 2
n_([[\/;] [X ] dx n_([x x° dx 7{2 7). 1.122
If we rotate this area around the y-axis, the “upper’ curve ?
(farthest from the axis) isy = x* and the ‘lower’ curve 1
(nearest the axis) isy = JX . The distances from the axis @
to these curves are x-values, but they must be written
as functions of y. R(y)
1
R(y)=x=%/§ and 1(y) = x = y~ v
< 2 2
V=n[[RW] - [r(x)] dy
1
1 1 5/3 5
17372 2 7? 2/3 4 y y 2r
=T dy = = —y'dy = = -—— = — =~ 1.257
(T[T e = afyostay = 4220
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4) One more: calculate the volume formed by revolving the region bounded by y = % ,y=0,
+X

x =0, and x = 3 about the line y = 3.

. . .. 3 iza)\ Axis of
The distance R(x) from the axis of y = 3 is just 3. . rotation
The distance r(x) from the axis is (3 — y) for the z ' '

1 1 R(x) 1(x)
functiony= — — 1(x) = 3- — 1 _ .
1+x \
y ______ T\—I\
1 2 3

. 2 2 oo 1 T 6 1
V=n||RX)| -|r(x)[dx — V=mn||3|-|3—| dx = =& — dx

-a“ O = [r00)] i[ | { 1+x} ~!1+x (1+x)?

3

= T{6ln(1+x)+% = n[12In2-%] ~ 23.77

+X

0

Shell method: In the shell method, small rectangles that are parallel to the axis of rotation are
rotated around, building up a series of shells that build the solid from the inside out. The width
of a rectangle is again expressed as either dx or dy. P(x) or p(y) is the distance from the
rectangle to the axis of rotation; h(x) or h(y) is the length (or height) of the rectangle. Gaps
between the region and the axis are accounted for in the limits of integration, so do not require
extra calculation as in the washer method.

The shell method added to the disk method gives you a choice of whichever integration
would be easier — integrating with respect to x or to y. Sometimes you can’t (easily) solve for x
in terms of y or vice versa, and are forced into a specific method.

V=2x[p(y)h(y)dy V=27 [ p(x)h(x)dx
d 23
d
yc ™) h(X){ m
H_J ply
h(y) LI
p(x)
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1) Find the volume formed by revolving the region bounded by y =

3

! 1,y=0,x=0,and

4
X

x = 1 about the y axis.

1

px) = x h(x) =y = — - :
x +1
b 1 h(X)
X
V=2n|p(x)h(x)dx = 2= dx
! P(X)h(x) j -
r (2% ! n (x) 1
= nJ. ——dx =7 [arctanxz‘ = — P
o (x7)7+1 0 4
If you tried to do this using the disk method, you would first g
have to split the area into two parts: a rectangleuptoy =" R(y)
and the function curve from there toy = 1. n *
y ) 2 @
For the bottom part, R(y) =1 V= nJ[R(y)] dy oy S
For the top part, R(y) =x = 1 1=y
y 1

1/2 1
1- .
V=mnm I I’dy + nI —ydy —  try using some calculus software!
0 1/2 y

2) Find the volume of the solid produced by rotating the region bounded by y = Jx ,y=2,and
x = 0 around the line y =-1.

Shell method: py)=y+1 h@y)=x=y
SAELIERoc h(y) P

d 2 <>
V= 2nfp(mh(ydy = 2x[(y+Dy")dy —]

. 0 e

p@)}
2 4 3|2
4071
=2 3 dy = 2 y_ y| -
“l(y ty')dy “[4 3 ) 3 V2R o=l
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Disk method: R(x)=3  r(x)=y+1=+x+1
R(x)

V=n[[ROOT - [r(0] dx

=nj[3]2—[\/§+1]2dx=njs—x—zﬁdx AN/ 4 \®
0 0

4

X2 4X3/2
| 8x— -
D

0

Neither of these integrations is very difficult, but the shell method yields somewhat simpler
calculations.

3) Find the volume of the torus generated by revolving the circle given by x* + y> = 1 around the
line x = 2.

V= 2nj"p(x)h(x) dx @

a p(x)
h(x)

We can work with just the top half of the circle and then

double the volume. —Kj/ 3

Shell method: p(x) = 2-x h(x) =y = J1-x’

V=(2)2nj(2—x)\/1—x2dx = 4n ZJ.\/l—xzdx—jxx/l—xzdx}

The first integral can be obtained from a table or by recognizing it is simply the area of the circle

o’ = m.
32!
| | - (1-x*)
The second integral can be solved using a U substitution: = + 3 =0

¥=2 _1

V =dn(n) = 4n°
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Disk method: This is also doable using the disk method and based on the symmetry of the circle.

V=r[[RW] - [r»] dy S
: s R(y)

— )

O

r(y)

y) = 2-x =2—4/1-y°

>/
R(y) = 2+x = 2+ 41—y’ K

vV = (2)4[%@}2—[2—\/@}2@
= 2nj8ﬁdy = 16nj.\/gdy

0

The integral can again be obtained from a table or by recognizing it is the area of a quarter circle
2
nr'/4 = m/4

V= (1671)[%) = 4

4) Find the volume of the solid produced by rotating the region bounded by y = x> — x* — x, y =0,
x =0, and x = 1 around the y-axis.

For this function, x cannot be easily solved for in terms of y, ?
so the shell method is required. p(x)
<—>
p(x) = x )
since y is negative in this region, h(x)=-y = -x’ +x*+x Ih X)
b 1
V= ZRIp(x)h(x) dx = ZRJ.X(—X3 +x° +x)dx L1
a 0
1 5 4 3
= 2n_[(—x4+x3+xz)dx = o -2l X - 2n 241
0 5 4 3 30
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