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DIFFERENTIAL EQUATIONS Answers - Worksheet AC4  
 
 
1 a y = ∫ (x + 2)3  dx b y = ∫ 4 cos 2x  dx 

  y = 1
4 (x + 2)4 + c  y = 2 sin 2x + c 

 

 c x = ∫ 3e2t + 2  dt d d
d
y
x

 = 1
2 x−

 

  x = 3
2 e2t + 2t + c  y = ∫ 1

2 x−
  dx 

    y = −ln2 − x + c 
 

 e N = ∫ 2 1t t +   dt f y = ∫ xex  dx 

  N = 1
2 ∫

1
222 ( 1)t t +   dt     u = x, d

d
u
x

 = 1;  d
d

v
x

 = ex,  v = ex 

  N = 1
2 ×

3
222

3 ( 1)t +  + c  y = xex − ∫ ex  dx 

  N = 
3
221

3 ( 1)t +  + c  y = xex − ex + c   [ y = ex(x − 1) + c ] 
 
2 a y = ∫ e−x  dx b y = ∫  tan3 t sec2 t  dt 

  y = −e−x + c  y = 1
4 tan4 t + c 

  y = 3  when  x = 0  y = 1  when  t = π3  

   ∴ 3 = −1 + c           ∴ 1 = 1
4 ( 3 )4 + c 

    c = 4              c = 1 − 9
4  = 5

4−  
   ∴ y = 4 − e−x           ∴ y = 1

4 tan4 t − 5
4   [ y = 1

4 (tan4 t − 5) ] 
 

 c d
d
u
x

 = 2
4

3
x

x −
 d y = ∫ 3 cos2 x  dx 

  u = ∫ 2
4

3
x

x −
  dx  = 2 ∫ 2

2
3

x
x −

  dx  y = 3
2 ∫ (1 + cos 2x)  dx 

  u = 2 lnx2 − 3 + c  y = 3
2 (x + 1

2 sin 2x) + c = 3
4 (2x + sin 2x) + c 

  u = 5  when  x = 2  y = π  when  x = π2  

   ∴ 5 = 0 + c            ∴ π = 3
4 (π + 0) + c 

    c = 5              c = π4  

   ∴ u = 2 lnx2 − 3 + 5        ∴ y = 3
4 (2x + sin 2x) + π4  

                   [ y = 1
4 (6x + 3 sin 2x + π) ] 

 
3 a 2

8
6

x
x x

−
− −

 ≡ 
3

A
x −

 + 
2

B
x +

       b d
d
y
x

 = 2
8

6
x

x x
−

− −
 

   x − 8 ≡ A(x + 2) + B(x − 3)       y = ∫ 2
8

6
x

x x
−

− −
  dx  = ∫ ( 2

2x +
 − 1

3x −
)  dx 

   x = 3   ⇒  −5 = 5A  ⇒  A = −1     y = 2 lnx + 2 − lnx − 3 + c 
   x = −2   ⇒  −10 = −5B  ⇒  B = 2     y = ln 9  when  x = 1 
   2

8
6

x
x x

−
− −

 ≡ 2
2x +

 − 1
3x −

        ∴ ln 9 = 2 ln 3 − ln 2 + c 

                   c = ln 2 (ln 9 = ln 32 = 2 ln 3) 
                  ∴ y = 2 lnx + 2 − lnx − 3 + ln 2 
                  when  x = 2,  y = 2 ln 4 − 0 + ln 2 = ln (42 × 2) 
                          = ln 32 
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4 a ∫ 1

2 3y +
  dy  = ∫ dx b ∫ cosec2 2y  dy  = ∫ dx 

  1
2 ln2y + 3 = x + c  1

2− cot 2y = x + c 
  [ y = 1

2 (ke2x − 3) ]  [ cot 2y = k − 2x ] 
 

 c ∫ 1
y

  dy  = ∫ x  dx d ∫ 1
y

  dy  = ∫ 1
1x +

  dx 

  lny = 1
2 x2 + c  lny = lnx + 1 + c 

  [ y = 
21

2e xk ]  [ y = k(x + 1) ] 
 

 e ∫ y  dy  = ∫ (x2 − 2)  dx f ∫ sec2 y  dy  = ∫ 2 cos x  dx 

  1
2 y2 = 1

3 x3 − 2x + c  tan y = 2 sin x + c 
  [ y2 = 2

3 x3 − 4x + k ] 
 

 g ∫ e3 − y  dy  = ∫
1
2x−   dx h y d

d
y
x

 = x(y2 + 3) 

  −e3 − y = 
1
22x  + c  ∫ 2 3

y
y +

  dy  = ∫ x  dx 

  [ y = 3 − ln (k − 2 x ) ]  1
2 ∫ 2

2
3

y
y +

  dy  = ∫ x  dx 

    1
2 lny2 + 3 = 1

2 x2 + c 

    [ y2 = 
2

exk − 3 ] 
 

 i ∫ 1
y

  dy  = ∫ x sin x  dx j d
d
y
x

 = 
2e

e

x

y  

    u = x, d
d
u
x

 = 1;  d
d

v
x

 = sin x,  v = −cos x   ∫ ey  dy  = ∫ e2x  dx 

   lny = −x cos x + ∫ cos x  dx      ey = 1
2 e2x + c 

   lny = sin x − x cos x + c       [ y = ln ( 1
2 e2x + c) ] 

   [ y = kesin x − x cos x ] 
 

 k ∫ 3
( 1)
y

y y
−
−

  dy  = ∫ x  dx l ∫ y−2  dy  = ∫ ln x  dx 

  3
( 1)
y

y y
−
−

 ≡ A
y

 + 
1

B
y −

    u = ln x, d
d
u
x

 = 1
x

;  d
d

v
x

 = 1,  v = x 

  y − 3 ≡ A(y − 1) + By  −y−1 = x ln x − ∫ dx 

  y = 0  ⇒  A = 3,  y = 1  ⇒  B = −2   −y−1 = x ln x − x + c 
  ∫ ( 3

y
 − 2

1y −
)  dy  = ∫ x  dx  [ y = 1

lnx x x k− +
 ] 

  3 lny − 2 lny − 1 = 1
2 x2 + c 
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5 a ∫ 2y  dy  = ∫ x  dx b ∫ (y + 1)−3  dy  = ∫ dx 

  y2 = 1
2 x2 + c  1

2− (y + 1)−2 = x + c 
  y = 3  when  x = 4  (y + 1)−2 = k − 2x 
   ∴ 9 = 8 + c            y = 0  when  x = 2 
    c = 1             ∴ 1 = k − 4 
   ∴ y2 = 1

2 x2 + 1            k = 5 
                  ∴ (y + 1)−2 = 5 − 2x 
                   [ (y + 1)2 = 1

5 2x−
 ] 

 

 c ∫ 1
y

  dy  = ∫ cot2 x  dx d ∫ 1
2y +

  dy  = ∫ 1
1x −

  dx 

  ∫ 1
y

  dy  = ∫ (cosec2 x − 1)  dx  lny + 2 = lnx − 1 + c 

  lny = −cot x − x + c  y = 6  when  x = 3 
   y = 1  when  x = π2           ∴ ln 8 = ln 2 + c 

   ∴ 0 = 0 − π2  + c           c = ln 4 

    c = π2              ∴ lny + 2 = lnx − 1 + ln 4 

   ∴ lny = π2  − cot x − x         [ y + 2 = 4(x − 1)  ⇒  y = 4x − 6 ] 
 

 e ∫ cot y  dy  = ∫ x2  dx f d
d
y
x

 = 
3

y
x +

 

  ∫ cos
sin

y
y

  dy  = ∫ x2  dx  ∫
1
2y−   dy  = ∫

1
2( 3)x −+   dx 

  lnsin y = 1
3 x3 + c  

1
22y  = 

1
22( 3)x +  + c 

  y = π6   when  x = 0  y  = 3x +  + k 

   ∴ ln 1
2  = 0 + c           y = 16  when  x = 1 

    c = −ln 2            ∴ 4 = 2 + k 
   ∴ lnsin y = 1

3 x3 − ln 2        k = 2 

    [ 2 sin y = 
31

3e x ]          ∴ y  = 3x +  + 2 

                   [ y = ( 3x +  + 2)2 ] 
 

 g ∫ sin y  dy  = ∫ xe−x  dx h ∫ sin
1 cos

y
y+

  dy  = ∫ 1
2 x−2  dx 

    u = x, d
d
u
x

 = 1;  d
d

v
x

 = e−x,  v = −e−x    − ∫ sin
1 cos

y
y

−
+

  dy  = ∫ 1
2 x−2  dx 

   −cos y = −xe−x + ∫ e−x  dx       −ln1 + cos y = 1
2− x−1 + c 

   −cos y = −xe−x − e−x + c        ln1 + cos y = 1
2 x−1 + k 

   cos y = (x + 1)e−x + k         y = π3   when  x = 1 

   y = π  when  x = −1         ∴ ln 3
2  = 1

2  + k 
   ∴ −1 = 0 + k            k = ln 3

2  − 1
2  

    k = −1             ∴ ln1 + cos y = 1
2 x−1 + ln 3

2  − 1
2  

   ∴ cos y = (x + 1)e−x − 1         [ (1 + cos y)2 = 
1

9
4 e

x
x
−

 ] 
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6 a d

d
N
t

 = kN           7  a − d
d
m
t

 = km 

 b ∫ 1
N

  dN  = ∫ k  dt          ∫ 1
m

  dm  = ∫ −k  dt 

   ln N = kt + c            ln m = −kt + c 
   N = ekt + c = ec × ekt           m = e−kt + c = ec × e−kt = Ae−kt 
   N = Aekt              t = 0, m = 24  ∴ A = 24 
 c t = 0, N = 40  ∴ A = 40         m = 24e−kt 
   t = 5, N = 60  ∴ 60 = 40e5k       b t = 20, m = 22.6  ∴ 22.6 = 24e−20k 

   ∴  k = 1
5 ln 3

2  = 0.0811 (3sf)       ∴ k = 1
20− ln 22.6

24  = 0.00301 (3sf) 

 d t = 12  ∴ N = 40e0.08109 × 12       c d
d
m
t

 = −km = −0.003005 × 22.6 

          = 106 (3sf)         ∴ decreasing at 0.0679 grams per day 
                  d m = 12  ∴ 12 = 24e−0.003005t 
                   t = − 1

0.003005 ln 1
2  = 231 days (nearest day) 

 
8 a − d

d
P
t

 = k P          9  a 1
(1 )(1 )x x+ −

 ≡ 
1

A
x+

 + 
1

B
x−

 

 b ∫
1
2P−   dP  = ∫ −k  dt         1 ≡ A(1 − x) + B(1 + x) 

   
1
22P  = −kt + c            x = −1  ⇒  A = 1

2 ,  x = 1  ⇒  B = 1
2  

   P  = 1
2 c − 1

2 kt = a − bt         1
(1 )(1 )x x+ −

 ≡ 1
2(1 )x+

 + 1
2(1 )x−

 

   ∴ P = (a − bt)2           b t = 0, m = 0, d
d
m
t

 = 0.5 

 c t = 0, P = 400  ∴ 400  = a − 0      ∴ 0.5 = k × 1,  k = 0.5 

           a = 20       c ∫ 1
(1 )(1 )m m+ −

  dm  = ∫ 1
2 e−t  dt 

 d t = 30, P = 100  ∴ 100  = 20 − 30b     ∫ (
1
2

1 m+
 + 

1
2

1 m−
)  dm  = ∫ 1

2 e−t  dt 

           b = 1
3         1

2 ln1 + m − 1
2 ln1 − m = 1

2− e−t + c 
   ∴ P = (20 − 1

3 t)2           ln1 + m − ln1 − m = C − e−t 
   t = 50  ∴ P = (20 − 50

3 )2         t = 0, m = 0  ∴  0 − 0 = C − 1,  C = 1 
          = 1

911            ln1 + m − ln1 − m = 1 − e−t 
                   for  0 ≤ m < 1,  1 + m > 0  and  1 − m > 0 

                   ∴ ln 1
1

m
m

+ 
 − 

= 1 − e−t 

                  d m = 0.1  ∴ ln 1.1
0.9

 = 1 − e−t 

                   t = −ln (1 − ln 11
9 ) = 0.2240 hrs = 13.4 mins 

                  e t → ∞,  ln 1
1

m
m

+ 
 − 

→ 1 

                   limiting value of m is given by  1
1

m
m

+
−

 = e 

                    1 + m = e(1 − m) 
                    m(1 + e) = e − 1 
                    m = e 1

1 e
−
+

 = 0.4621 

                   ∴ max. produced ≈ 462 g 


